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Abstract
When considering the sound transmission through a wall in between two rooms, in an important part of the audio
frequency range the local response of the rooms is highly sensitive to uncertainty in spatial variations in geometry,
material properties and boundary conditions, which have a wave scattering effect, while the local response of the
wall is rather insensitive to such uncertainty. For this mid-frequency range, a computationally efficient modeling
strategy is adopted that accounts for this uncertainty. The partitioning wall is modeled deterministically, e.g. with
finite elements. The rooms are modeled in a very efficient, nonparametric stochastic way, as in statistical energy
analysis. All components are coupled by means of a rigorous power balance. This hybrid strategy is extended so
that the mean and variance of the sound transmission loss can be computed as well as the transition frequency that
loosely marks the boundary between low- and high-frequency behavior of a vibro-acoustic component. The method
is first validated in a simulation study, and then applied for predicting the airborne sound insulation of a series of
partition walls of increasing complexity: a thin plastic plate, a wall consisting of gypsum blocks, a thicker masonry
wall and a double glazing. It is found that the uncertainty caused by random scattering is important except at very
high frequencies, where the modal overlap of the rooms is very high. The results are compared with laboratory
measurements, and both are found to agree to within the prediction uncertainty in the considered frequency range.
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1. Introduction
The airborne sound insulation of a partitioning structure does not only depend on the material properties and the
dimensions of the partition itself, but also on those of the acoustic spaces that it connects, on the boundary conditions,
and on the measurement setup. This introduces uncertainty in the acoustic performance of the partition in a specific
design situation, because the configuration and occupation of a particular room are generally unknown in advance, and
manufactured components are employed in multiple different situations. Even in standardized laboratory conditions,
the measured sound transmission loss (also called sound reduction index) can differ significantly from one laboratory
to another or for different measurement setups within the same laboratory [1, 2, 3, 4, 5, 6].
As a result there has been much practical interest in quantifying the uncertainty of sound insulation values; see,
e.g., [7] and the references therein. A robust model-based prediction should account for the uncertainty caused by
a lack of precise information that would enable to compute exact results, given a correct model type, and errors
that are due to the limited predictive performance of a certain model type. In this paper, it is assumed that a model
type of sufficient predictive performance is available, so that the prediction errors are dominated by a lack of precise
information. A distinction is made between (i) uncertainty in nominal, gross (acoustic) mass and stiffness parameters
and damping, and (ii) uncertainty in local (acoustic) mass and stiffness variations, which have a scattering effect.
When considering the rooms for example, gross mass and stiffness parameters are the overall sound speed, air density,
total room volume and total boundary surface, while uncertainty in the local acoustic mass and stiffness is caused by
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Figure 1: Sound pressure on the surfaces of a hard-walled room of 4.15 m× 5.09 m× 4.12 m and with a reverberation time of 1.5 s, excited by
a harmonic volume acceleration source of amplitude 1 m3/s2 at location (1.2 m, 1.2 m, 1.2 m), measured from one of the room’s corners. (a)
uniform room, 50 Hz. (b) perturbed room, 50 Hz. (c) uniform room, 250 Hz. (d) perturbed room, 250 Hz. The perturbed room contains 100
added acoustic masses, each having 0.05 % of the nominal acoustic mass V/c2 of the room, with V the room volume and c = 343 m/s the sound
speed. The sound pressure ranges from −0.7 Pa (dark blue) to 0.7 Pa (dark red) (color online).
a lack of knowledge on geometric details of room boundaries or objects in the room. This article is concerned mainly
with the second type of uncertainty, and more precisely, how it can be quantified and exploited to result in a robust
and computationally efficient mathematical model for sound insulation assessment.
When a vibro-acoustic component (e.g. a room or wall) is modally sparse, it displays little sensitivity to local
mass and stiffness variations, and it is essentially deterministic for fixed gross mass and stiffness parameters and
damping. In this low-frequency regime, displacement-based methods can be employed [8, 9, 10, 11], and the effect of
uncertainty in gross mass and stiffness parameters and damping can be accounted for e.g. by means of Monte Carlo
simulation. At high frequencies, however, this approach leads to a high computational cost as (i) the short wavelength
of deformation requires a high number of degrees of freedom [12], and (ii) the possibly high sensitivity to small local
mass and stiffness variations requires the consideration of an ensemble of randomized models, even for fixed gross
mass and stiffness parameters and damping [13]. This is illustrated in Fig. 1 for a hard-walled room: with increasing
frequency, the wavelength becomes smaller and the sensitivity of the local response to small local acoustic mass
changes becomes larger. Such changes may for instance be caused by the placement or reconfiguration of objects in
the room, such as reflecting panels in a laboratory room or furniture in real rooms.
When the local response of a component is highly sensitive to local variations of mass and stiffness, it can be
modeled as a pure-tone diffuse reverberant field, as in Statistical Energy Analysis (SEA). In this approach, the response
of each subsystem is characterized with a single random variable: its total energy. The uncertainty of a subsystem to
local mass and stiffness variations can be measured with the statistical overlap factor, which equals twice the standard
deviation of a natural frequency to this type of uncertainty, divided by the mean natural frequency spacing [14, 15].
This quantity is fundamentally different from the modal overlap factor, which is the product of the damping loss factor
and the frequency, divided by the mean natural frequency spacing. The modal overlap is a measure for how many
modes contribute to the mean response at a particular frequency, while the statistical overlap is a measure for how well
the natural frequencies mix with respect to each other across the random ensemble of rooms. Both descriptors are of
high practical importance: the SEA assumptions are typically valid when the statistical overlap is larger than unity,
while the modal overlap has an important influence on the accuracy of SEA predictions in the sense of dispersion of
results around the mean values [16, Sec. 4.2.2].
Until recently, only the mean energy values could be reliably estimated in an SEA analysis [17, 18, 19]. Useful
information could therefore be obtained only at high modal overlap (i.e., high modal density and/or damping), where
the probability of the total vibro-acoustic energy of the subsystem is narrowly distributed around the mean value. For
the computation of the response variance, an extension of the diffuse field model is necessary because the second-
order statistics of the natural frequency spacings in high-frequency regime are needed. Weaver [20] found that, for
the generic case where the considered spatial uncertainty does not preserve subsystem symmetries, the statistics of the
local eigenvalue spacings saturate to those of the Gaussian Orthogonal Ensemble (GOE) matrix from random matrix
theory [21], rather than to the other probability distributions that had been proposed earlier [22, 23]. This universal
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result holds irrespectively of the underlying uncertain parameters and their detailed statistics, and thus allows for a
nonparametric description of the uncertainty: only the modal density, the total mass and the damping loss factor of a
subsystem are needed in order to predict not only the mean but also the variance of its total energy [24, 25]. Under
additional assumptions such as weak coupling, the expressions for an isolated subsystem can be generalized to a
built-up system in an elegant way, resulting in an effective SEA variance theory [26, 27]. Recently, also the marginal
probability density function of the total energy has been derived for some special but important cases [28, 29]. These
results are valid when the damping and gross mass and stiffness parameters are deterministic; if this is not the case,
the effect of uncertain parameters can be included by applying the rules of conditional probability.
When some but not all parts of the overal vibro-acoustic system are sensitive to small imperfections, neither the
low- or high-frequency approaches discussed above are adequate. However, a hybridization of both is possible, thanks
to a reciprocity relationship that links the mean vibrational energy of an SEA subsystem to the variance of the nodal
forces at its boundary [30, 15]. Expressions for the mean [31], variance [32] and probability distribution function [28]
of the vibrational energies in the SEA subsystems, and of the squared response amplitudes of the deterministic and
interface degrees of freedom (DOFs), have been derived. They only account for uncertainty in local variations of mass
and stiffness, but they are easily generalized to include other types of uncertainty by applying the rules of conditional
probability, as in pure SEA modeling [33].
The emphasis in this paper is on sound transmission loss prediction in the mid-frequency range, which is defined
here as the frequency regime where the rooms can be modeled as nonparametric random subsystems while the wall
cannot. This range is large when a stiff (i.e., modally sparse) wall is placed in between large (i.e., modally dense)
rooms. The hybrid mid-frequency method for vibro-acoustic analysis is extended and applied to the particular problem
of predicting the sound transmission loss of a partitioning structure in between two rooms. The extensions allow
computing (i) the transition frequency that loosely marks the boundary between low- and high-frequency behavior of
a vibro-acoustic component, and (ii) the mean and variance of the sound transmission loss. The applications cover
the sound transmission loss prediction of wall structures of increasing complexity: a thin polymethyl metacrylate
(PMMA) plate, a gypsum block wall, a thick perforated brick wall, and a double glazing. The considered vibro-
acoustic system is naturally decomposed into three parts: the emitting room (subsystem 1), the partitioning structure
(subsystem 2), and the receiving room (subsystem 3). In the considered frequency range, the rooms (subsystems 1
and 3) can be modeled as SEA subsystems while the partition wall (subsystem 2) cannot.
It may be noted that coupling detailed deterministic wall models to diffuse room models is a common strategy for
deterministic sound transmission loss prediction; see, e.g., [34, 35, 36, 37, 38] for recent applications. The expected
value of the total transmission loss is then computed by integrating the plane-wave transmission loss over all angles
of incidence, which can be computationally costly if numerical integration is needed. The approach presented here
is not only more computationally efficient, it is also more general and more robust. This is because sound-structure
interaction is accounted for by means of the diffuse field reciprocity relationship, and because not only the expected
(mean) transmission loss, but also its variance can be computed thanks to the hybrid variance theory.
2. The hybrid FE-SEA modeling approach
As discussed previously, the transmission suite is divided into three components (room - partition wall - room).
In order to explain how a component with large statistical overlap can be modelled in an efficient, nonparametric
stochastic way, and how it can be coupled to other components that do not necessarily have large statistical overlap,
the existing hybrid finite element - statistical energy (FE-SEA) method is concisely summarized in sections 2.1 to
2.3. Subsequently, two new results are presented: the associated standard deviation of the sound transmission loss is
derived in section 2.4, and an extensive numerical validation is performed in section 2.5.
2.1. Notations and definitions
In this section, the basic concepts and terminology of the hybrid method are presented as they were introduced in
[31]. The deterministic components of the transmission suite and the SEA subsystem interfaces are termed the master
system. The response DOFs at circular frequency ω of the master system are collected in an amplitude vector q ∈
CNdof , so that the time-domain response of the master system is given by Re(qeiωt). Similarly, the external harmonic
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loads at frequency ω applied at these degrees of freedom are collected in the load amplitude vector f ∈ CNdof . The
equations of motion of the whole system are then
Dq = f , (1)
where D ∈ CNdof×Ndof denotes the dynamic stiffness matrix at frequency ω. D is a random matrix because it
represents the dynamic behavior of the overall vibro-acoustic system, including the SEA subsystems. It may be
decomposed as the sum of the dynamic stiffness matrix of the master system, denoted as Dd, and the dynamic
stiffness matrices of the Nr SEA subsystems, denoted as Dk, k = 1, . . . , Nr:
D = Dd +
Nr∑
k=1
Dk. (2)
The dynamic stiffness matrix of an SEA subsystem is decomposed as
Dk = D
(k)
dir +D
(k)
ran, (3)
whereD(k)dir denotes the mean of the subsystem’s dynamic stiffness matrix: D
(k)
dir := E [Dk]. With this decomposition,
the equations of motion for an SEA subsystem can be written as
D
(k)
dirq = fk + f
(k)
ran, (4)
where the reverberant forces are defined as f (k)ran := −D(k)ranq, and fk denotes the sum of the loads applied to subsystem
k at its DOFs. The overall equations of motion (1) become
Dtotq = f +
Nr∑
k=1
f (k)ran, (5)
whereDtot := Dd +
∑Nr
k=1D
(k)
dir is purely deterministic because it is the mean of the dynamic stiffness matrix of the
overall system: Dtot = E [D]. The subscript “tot” emphasizes that Dtot is the total deterministic part of D.
2.2. Mean harmonic response
When the statistical overlap in all SEA subsystems is large enough and the random properties of different sub-
systems are statistically independent of each other, the mean total energy Eˆj of subsystem j can be obtained from
a stationary power balance which involves the other random subsystems as well as the deterministic master system
[31]. For the case where the external loading acts solely on the subsystems, this reads:
ω (ηj + ηd,j) Eˆj +
Nr∑
k=1
ωηjknj
(
Eˆj
nj
− Eˆk
nk
)
= E[Pj ], j = 1, . . . , Nr. (6)
In this expression, ηj is the damping loss factor of subsystem j, nj its modal density, Pj the power input from external
forces applied directly to this subsystem, and
ωηd,j =
2
pinj
∑
r,s
Im (Dd,rs)
(
D−1totIm
(
D
(j)
dir
)
D−Htot
)
rs
(7)
ωηjknj =
2
pi
∑
r,s
Im
(
D
(j)
dir,rs
)(
D−1totIm
(
D
(k)
dir
)
D−Htot
)
rs
(8)
where the superscript H denotes Hermitian transpose. If the subsystems are weakly coupled through the master
system,E[Pj ] can be approximated as the power input to the mean uncoupled subsystem. It can be noted that the power
balance equation (6) has the same structure as in conventional SEA. Therefore the factors ηjk represent coupling loss
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factors, and (8) provides a rigorous and straightforward way to compute them, even in the mid-frequency range where
the overall vibro-acoustic system contains purely deterministic components. The coupling loss factors, as computed
from (8), automatically contain the effects of both resonant and non-resonant transmission, while in conventional
SEA, these effects need to be considered separately [39].
Still under the assumptions that the statistical overlap in all SEA subsystems is large enough and that the random
properties of different subsystems are independent of each other, the frequency-dependent matrix D(k)dir can be com-
puted as the direct field receptance matrix of subsystem k [30, 39]. The term ‘direct field’ denotes the part of the
subsystem response containing incoming waves only; it is the limiting response that would be observed at the inter-
face when the extent of the subsystem would be increased towards infinity. For the case of a transmission suite, where
two rooms are separated by a plane flexible structure of finite size, the direct field dynamic stiffness matrix of a room
as seen by the structure corresponds to the one of a grid of points covering the interface between the room and the
structure, but embedded in an infinite planar baffle. The related Rayleigh integral may be numerically evaluated based
on, for instance, a Fourier transform [40] or wavelet approach [41]. In this work the wavelet approach is adopted.
2.3. Variance of the harmonic response
The matrix representation of (6) is
C0E[E¯] = E[P], (9)
where E¯ denotes the vector of total energies of the SEA subsystems, divided by their modal density: E¯k := Ek/nk.
A power balance of the form (9) can also be written for each particular realization of the hybrid deterministic-
nonparametric random system:
CE¯ = P. (10)
A first-order perturbation analysis of this power balance has been performed in [32], resulting in the following expres-
sion for the covariance of the subsystem energies:
Cov[E¯i, E¯j ] =
Nr∑
k=1
Nr∑
s=1
C−10,ikC
−1
0,jsCov[Pk, Ps]
+
Nr∑
k=1
Nr∑
p=1
Nr∑
s=1
s6=k
Nr∑
r=1
r 6=p
(
C−10,ik − C−10,is
) (
C−10,jp − C−10,jr
) EˆsEˆr
nsnr
Cov[Cks, Cpr]. (11)
All terms on the right-hand side arise also in the computation of the mean response, except for the covariance terms.
As discussed in [26], the statistics of the power inputs Pk can be computed from:
Cov[Pk, Ps] = δksE[Pk]
2r2(αk,m
′
k) (12)
r2(α,m) =
1
pim
(
α− 1 + 1− e
−2pim
2pim
+ Eint(pim)
(
cosh(pim)− sinh(pim)
pim
))
, (13)
where Eint denotes the exponential integral, and the term αk depends on both the nature of the applied loading and
the nature of the mode shapes of subsystem k. The term m′k in (12) is the effective modal overlap factor of subsystem
k, which is defined as [17]
m′k := ωη
′
knk, where η′k :=
1
ωnkC
−1
0,kk
, (14)
where η′k is termed the effective loss factor of subsystem k. When subsystem k is loaded at a single point and its
mode shape at the loading point is, in line with the SEA assumptions, circular complex normally distributed across
the ensemble, a value αk = 3 is expected. This value will be adopted for the random acoustic volumes considered in
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this paper. The relative covariance between two elements of the power balance matrix C0 is given by [32]
Relcov[Ckm, Crm] =
Nr∑
s=1
as
pim′s
Tr
(
D˜
(s)
dirG
(m)
)
Tr
(
JksrG
(m)
)
+Tr
(
D˜
(s)
dirG
(m)JksrG
(m)
)
Tr
(
D˜
(k)
dirG
(m)
)
Tr
(
D˜
(r)
dirG
(m)
)
+
Tr
(
D˜
(k)
dirG
(m)D˜
(r)
dirG
(m)
)
Tr
(
D˜
(k)
dirG
(m)
)
Tr
(
D˜
(r)
dirG
(m)
) (15)
and
Relcov[Ckm, Crp] =
Ns∑
s=1
as
pim′s
Re
(
Tr
(
D˜
(s)
dirG
(m)HksrG
(p)
))
Tr
(
D˜
(k)
dirG
(m)
)
Tr
(
D˜
(r)
dirG
(p)
) , m 6= p, (16)
where the tilde (˜ ) is used as an abbreviated notation to represent the imaginary part of a matrix, Tr represents the
trace of a matrix, and
G(m) :=
4
ωpi
D−1totD˜
(m)
dir D
−H
tot (17)
Jksr :=
1
2
(Hksr +Hrsk) (18)
Hksr := 4D˜
(k)
dirD
−1
totD˜
(s)
dirD
−H
tot D˜
(r)
dir + δkrδksD˜
(k)
dir − 2δrsiD˜(k)dirD−1totD˜(r)dir + 2δksiD˜(k)dirD−Htot D˜(r)dir . (19)
The factor as which appears in (15) and (16) depends on the coupling of subsystem s to the master system. For area
couplings as considered in this article, as will be close to unity; the choice as = 1 is therefore adopted throughout
this paper.
2.4. Sound transmission loss
The airborne sound transmission loss R of a partition wall is defined as the ratio between the incident and trans-
mitted acoustic power [19]. In laboratory conditions, R is determined from the following measurement formula [42]:
R = Lp1 − Lp3 + 10 log S2
A3
, (20)
where Lp1 and Lp3 are the spatially averaged stationary sound pressure levels in the emitting and receiving rooms,
respectively, S2 is the surface area of the partition and A3 the absorption of the receiving room. Eq. (20) can therefore
serve as the practical definition of the transmission loss R. Both definitions are equivalent, in an ensemble averaged
sense, when a diffuse sound field exists in both the emitting and the receiving rooms. The room absorption A3 is
determined from the reverberation time, the room volume and the sound speed using Sabine’s formula.
In stationary conditions, the total energy of a subsystem, consisting of the sum the kinetic and potential energies,
is constant. For low damping and at resonance, the kinetic and potential energies at a particular nonzero frequency
will be approximately equal [19]. An equivalent expression for (20) is therefore
R = 10 log
E1
V1
− 10 log E3
V3
+ 10 log
S2
A3
= 10 log
E1V3S2
E3V1A3
, (21)
where E1 and E3 represent the total energy in the emitting and receiving rooms, respectively, and V1 and V3 their
respective volumes. As this expression involves the ratio of the total energies of the rooms, its statistics can only be
computed exactly when the joint probability distribution function of the total energies is known. As present this is not
the case, and therefore an approximate solution is considered here.
A first-order Taylor expansion of (21) around R = 10 log
(
Eˆ1V3S2/
(
Eˆ3V1A3
))
can be analytically computed,
resulting in the following approximation for the sound transmission loss:
R ≈ 10 log Eˆ1V3S2
Eˆ3V1A3
+
10
ln(10)
[
1
Eˆ1
−1
Eˆ3
] (
E− Eˆ
)
. (22)
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With this approximation, the following approximations for the mean of the transmission loss
E[R] ≈ 10 log Eˆ1V3S2
Eˆ3V1A3
, (23)
and for its variance
σ2R ≈
100
ln2(10)
(
Var(E1)
Eˆ21
− 2
Eˆ1Eˆ3
Cov(E1, E3) +
Var(E3)
Eˆ23
)
, (24)
are obtained. This equation reveals that the variance of the transmission loss depends, up to first order, on the relative
energy covariance only.
Note that the above derivations hold for harmonic quantities (such as energy or sound transmission loss) only, not
for band-averaged quantities. While the computation of the mean of band-averaged quantities from mean harmonic
quantities is straightforward, this is not the case for the variance. The reason is that for computing the variance of
band-averaged quantities, the statistical correlation of these quantities amongst different frequencies is needed, and
closed-form expressions for these do not exist at present for the hybrid FE-SEA method.
2.5. Numerical validation
In this section the foregoing theory is validated with a simulation example. The aim is to compute the sound
transmission loss of a 10 cm thick gypsum block wall (density ρ = 910 kg/m3, modulus of elasticity E = 3150MPa,
Poisson’s ratio ν = 0.22, damping loss factor η = 0.01), situated in between two rectangular rooms as depicted in
Fig. 2. The wall is simply supported. The emitting room is excited by a volume acceleration source, located at
(1.2 m, 1.2 m, 1.2 m). The nominal sound speed in the rooms is c = 343 m/s, the air density is ρa = 1.20 kg/m3
and the reverberation time is T = 1.5 s. The relationship between the reverberation time and the damping loss factor
of the rooms is
η =
4.4pi
ωT
. (25)
The rooms have a random acoustic mass distribution in the sense that a total of Nm = 20 point air pockets are
randomly distributed within each room. Each air pocket has 0.2 % of the total acoustic mass V/c2 of the room.
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Figure 2: Simulation example: geometry of the room - wall - room system.
Two stochastic models for the transmission suite are constructed. Both models are then compared in terms of the
mean and variance of the predicted total room energies, and the mean and variance of the predicted sound reduction
index.
The first stochastic model is a modal interaction model [43, Sec. 7.6], in which the random acoustic mass distri-
bution is modeled in detail by means of Monte Carlo simulation. In this model, the analytic hard-walled modes of
the rooms, the point air pockets and the analytic modes of the wall are coupled with a Lagrange-Rayleigh-Ritz proce-
dure [7, App.]. Each Monte Carlo realization results in the same modal model of the transmission suite, except that
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the positions of the point air pockets within the rooms are randomly varied across the different realizations. A total
of 1000 independent Monte Carlo realizations are constructed, resulting in a total of 1000 independent realizations
of the rooms’ total time-averaged energy and the sound transmission loss of the system, each based on a different
configuration of point air pockets. The considered frequency range is 40− 400 Hz.
The second stochastic model is a hybrid model, in which the random acoustic mass distribution is modeled im-
plicitly, by taking the rooms to carry a diffuse reverberant wave field. The wall is modeled with four-node thin shell
finite elements that consist of a bilinear membrane element and four overlaid discrete Kirchoff triangle plate elements
[44]. The rooms are modeled as SEA subsystems; their modal density is estimated according to [17, Eq. 8.3.5]. In
the hybrid model, the mean power input to the random emitting room may be approximated by that of a full space,
excited by a harmonic volume acceleration source of amplitude aV [19, Eq. 7.19]:
E[P1] =
aV ρa
8pic
. (26)
The hybrid model is computationally very efficient when compared to the full modal model: although the highest
response frequency considered here is only 400 Hz, the computational effort needed to solve for both the mean and
the variance of the transmission loss in the hybrid model is already less than half the effort needed to compute a single
realization with the full modal model.
The mean and variance of the total time-averaged energies in the emitting and the receiving rooms, computed with
both the hybrid and the full modal model, are plotted in Fig. 3. The peaks in the mean energy and relative variance of
the receiving room, computed with the hybrid method, correspond with resonance frequencies of the bare wall. From
around 139 Hz on, the influence of individual room modes on the statistics of the total energy is small. This frequency
is the transition frequency, corresponding to unit statistical overlap, that marks the onset of high-frequency behavior
of the rooms. A procedure for estimating the statistical overlap is presented in the Appendix. For reference it can
be noted that the modal overlap of the rooms is only 0.7 at 139 Hz. At low frequencies, the relative variance of the
response is overestimated because the sound fields in the rooms are not sensitive enough to small random scatterers
for reaching the saturating, diffuse field conditions.
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Figure 3: Total energy in the emitting and receiving rooms: (a) mean values and (b) relative variance. Solid lines: Monte Carlo simulation results,
obtained with a full modal model. Dashed lines: hybrid FE-SEA model predictions. The smooth curved lines, containing larger mean and smaller
relative variance values, correspond to the source room, while the lines with peaks/troughs, containing smaller mean and larger relative variance
values, correspond to the receiving room.
The mean and relative variance of the sound transmission loss are shown in Fig. 4. The dips in the transmission
loss, computed with the hybrid method, correspond with resonance frequencies of the bare wall. Below the transition
frequency of the rooms (139 Hz), individual resonance modes of the rooms influence the transmission loss statistics,
and the relative variance is much smaller than predicted by the hybrid method. At frequencies higher than 139 Hz,
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the assumptions underlying the hybrid room-wall-room model are valid and there is a good agreement between the
hybrid model predictions and the computationally much more expensive Monte Carlo simulation results.
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Figure 4: Simulation example, harmonic sound transmission loss: (a) mean and (b) relative variance. Solid line: Monte Carlo simulation. Dotted
line: hybrid method. Thin grey lines: individual Monte Carlo realizations.
Besides a validation of the hybrid method against a full modal model, a comparison between the hybrid results
and the results of a conventional SEA analysis, which yields mean values only, may also be of interest. A comparison
between the mean sound transmission loss of a single wall as computed with conventional SEA and with the more
recent hybrid approach has been extensively reported in [39, Sec. 5.1] and it is therefore not repeated here.
3. Experimental case studies
In this section, the foregoing methodology is demonstrated and validated by predicting and measuring the sound
transmission loss for partition walls in the Laboratory of Acoustics of KU Leuven. Wall systems can be tested in the
Laboratory in accordance with the ISO 10140 standard [45] by placing them in a transmission opening between two
rooms. The rooms of the Laboratory each have a volume of 87 m3. For the computations, the air density, sound speed
and reverberation time of the rooms are taken to be constant with values of ρa = 1.20 kg/m3, c = 343 m/s and
T = 1.5 s, respectively.
Four different partition walls are considered: a PMMA panel, a gypsum block wall, a perforated brick wall, and
double glazing. In the hybrid prediction models, the single and double walls are part of the deterministic master
system, while the rooms are modeled as SEA subsystems. The frequency range in which each hybrid model is valid
is therefore the range where the rooms display high-frequency behavior, while the wall still displays low-frequency
behavior. Rough estimates of these mid-frequency ranges can be obtained as detailed in the Appendix.
The sound transmission loss of these walls has also been measured in the laboratory. The measurements have
been preformed in accordance with the ISO 10140 standard [45], with the exception that the sound pressure levels
were averaged over 1/48-octave bands instead of 1/3-octave bands. Three of the tested walls are shown in Fig. 5. For
the damping loss factors of the walls, the measured values are used in the computations, unless otherwise specified.
These values are listed in Table 1. Note that there is uncertainty in the measured values of the sound insulation,
e.g. because the sound pressure levels in the rooms are sampled at a limited number of locations (eight locations were
employed in this study). This has been assessed by performing each experiment twice, changing roles between the
source and receiving rooms. Although the differences are often significant in the low-frequency range, they are not in
the mid-frequency range on which this paper concentrates. The values reported here are the averaged values of both
experiments.
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f [Hz] 125 160 200 250 315 400 500 630 800 1000 1250 1600
PMMA 6.6 6.4 6.0 5.9 5.8 6.0 5.7 5.7 6.1 6.2 6.5 5.6
gypsum wall 1.9 1.9 1.4 0.9 0.6 1.1 1.2 1.3 1.4 1.4 1.4 1.1
brick wall 4.3 3.9 5.3 3.5 1.7 2.4 2.2 3.2 2.1 1.5 2.3 1.4
glass 6 mm 1.9 1.7 1.8 2.2 2.2 2.6 2.8 2.7 2.0 1.6 1.7 1.6
glass 8 mm 2.7 2.4 2.2 2.3 2.3 3.0 2.9 2.6 2.0 1.9 1.6 1.7
Table 1: Measured damping loss factors η (in %) for the partition walls tested in the Laboratory of Acoustics of KU Leuven.
3.1. Isotropic PMMA panel
The first structure is a polymethyl metacrylate panel with density ρ = 1275 kg/m3, modulus of elasticity E =
4.5 GPa, Poisson’s ratio ν = 0.35 and dimensions 1.25 m × 1.50 m × 0.015 m. The panel is modeled with thin
shell finite elements of the same type as in section 2.5, and simply supported boundary conditions are assumed. This
deterministic model is coupled to the nonparametric stochastic models of the rooms with the hybrid method, and the
sound transmission loss is computed.
The mean of the computed sound transmission loss is plotted in Fig. 6 together with the 2σ confidence interval
(which corresponds to a 95 % confidence interval for a normal distribution). Measured values are also shown. The
level of uncertainty in the predictions is striking: the width of the confidence interval decreases slowly from 20 dB
at 139 Hz to 3 dB at 1053 Hz, which are the estimated lower and upper bound frequencies, respectively, of the mid-
frequency range in which the considered hybrid model is valid. In this frequency range, the irregular variations of
the measured sound transmission loss are well captured within the predicted confidence interval, although only the
uncertainty due to random wave scattering in the rooms is accounted for.
3.2. Gypsum block wall
The second structure is a wall of dimensions 3.25m×2.95m×0.10m consisting of gypsum blocks (Fig. 5a). The
wall is modeled as isotropic and homogenous, with density ρ = 910 kg/m3, modulus of elasticity E = 3150 MPa,
and Poisson’s ratio ν = 0.22.
The mean and 2σ confidence interval of the sound transmission loss are plotted in Fig. 7 for two cases, where the
wall is modeled with (a) a thin shell finite element model and simply supported boundary conditions, and (b) a volume
(a) (b) (c)
Figure 5: Partition walls tested in the Laboratory of Acoustics of KU Leuven: (a) gypsum block wall, (b) perforated brick wall, plastered at both
sides, and (c) double glazing 6− 12− 8 mm.
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Figure 6: Sound transmission loss of an isotropic PMMA panel. Predicted mean and 2σ confidence interval (red) vs. laboratory measurements
(blue) (color online). The mid-frequency range is bounded with dotted vertical lines.
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Figure 7: Sound transmission loss of a gypsum block wall. Predicted mean and 2σ confidence interval, computed with a (a) thin shell or (b) volume
finite element wall model (red) vs. laboratory measurements (blue) (color online). The mid-frequency range is bounded with vertical lines.
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finite element model, where the boundary displacements in the middle plane are restrained. The thin shell model is
constructed using elements of the same type as discussed in section 2.5, while the volume finite element model is
constructed using 8-node linear elastic elements (of the SOLID45 element type in ANSYS). The differences between
both results are relatively small in the mid-frequency range. At high frequencies, the plate model overestimates the
sound insulation, while the volume model performs better. The width of the confidence interval decreases slowly
from 16 dB at 139 Hz to 10 dB at 1149 Hz. The dips in the transmission loss prediction due to modal resonances
of the wall are clearly visible, especially at lower frequencies. This is not surprising given the low modal density of
the plate which is about 0.09 Hz−1. The dips are also more pronounced than for the PMMA panel. This is due to
the smaller damping of the wall: the damping loss factors are 3 to 10 times lower, depending on the frequency (see
Table 1). Measured values, averaged over narrow 1/48-octave bands, are also plotted. The uncertainty accounted
for in the model can for a large part explain the discrepancies between measurements and model predictions in the
mid-frequency range.
3.3. Lightweight perforated brick wall
The third structure is a perforated brick wall, plastered at both sides, of dimensions 3.25 m × 1.95 m × 0.19 m
(Fig. 5b). The acoustic behavior of perforated brick walls is complex, given the inhomogeneities at three different
scales: that of the fire clay material, that of the brick where small cavities are present in the fire clay because of the
perforations, and that of the whole wall where the bricks are held together by mortar layers. When the inhomogeneities
are small compared to the wavelength, and when the stiffness is only slightly different in both directions, the wall can
be modeled as homogeneous and isotropic. The thickness effects, however, can not be neglected: not only is shear
deformation important, thickness resonances (i.e., Lamb modes) are often observed as well in the audio frequency
range [46]. Therefore, a volume finite element model of the wall is constructed here, using 8-node solid linear
elastic elements (of the SOLID45 element type in ANSYS). The boundary displacements in the middle plane are
restrained. Following [11], the equivalent Young’s modulus, Poisson’s ratio, density and thickness are taken to be
E = 1825 MPa, ν = 0.2, ρ = 613.5 kg/m3 and t = 0.2934 m, respectively.
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Figure 8: Sound transmission loss of a lightweight perforated brick wall. Predicted mean and 2σ confidence interval, computed with the hybrid
method (red) when (a) only nonparametric uncertainty is considered, and (b) when additionally the wall damping loss factor η2 is uniformly
distributed according to (28). Laboratory measurements are shown in blue (color online). The mid-frequency range is bounded with vertical lines.
The sound transmission loss predicted with the hybrid method (mean and 2σ confidence interval), is plotted in
Fig. 8a together with the measured values which are averaged over 1/48-octave bands. Individual resonance dips of
the wall are very clearly visible in the predictions due to the high wall stiffness. A clear dip is also visible around
3000Hz, caused by the first thickness resonance. The width of the confidence interval in the mid-frequency range
decreases slowly from 18 dB at 139 Hz to 7 dB at 801 Hz. In this frequency range, the uncertainty accounted for in
the model can for a large part explain the discrepancies between measurements and model predictions.
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In order to illustrate the influence of additional parametric uncertainty, the computation is repeated but with the
damping loss factor of the wall η2 as an additional random variable. This case is often encountered in practice when
the transmission loss of a wall is predicted before measurements are carried out. Even if the damping loss factor is
derived from measurements, the obtained values have often a large relative error. Based on field measurements, Craik
[47] proposed the following estimate for masonry/concrete walls and floors:
η2 ≈ 2.5√
ω
+ 0.01. (27)
For laboratory measurements, the structural coupling losses are not usually as high as in the field. According to
Hopkins [16, p. 159], a reasonable indication of the range for the total loss factor of masonry/concrete walls and floors
in both laboratory and field conditions is given by
0.75√
ω
+ 0.01 ≤ η2 ≤ 2.5√
ω
+ 0.01. (28)
These bounds are in agreement with the measured values for the hollow brick wall, see Table 1 and Fig. 9. In the
computations, it will be assumed that the wall’s damping loss factor is uniformly distributed in between these bounds.
This is in correspondence with the maximum entropy principle, from which it can be derived that when the only
information on a random parameter are its bounds, the probability distribution that is consistent with this information
is the uniform distribution [48, 49].
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Figure 9: Damping loss factor of a lightweight perforated brick wall. Squares: measured values. Solid lines: bounds according to (28).
For each value of the frequency ω and wall damping η2, the hybrid method yields the conditional mean E [R|η2]
and the conditional variance σ2
R|η2
of the transmission loss, accounting for random scattering only: they are given by
(23) and (24), respectively. The unconditional statistics, accounting for both random scattering and uncertainty in the
damping parameter η2, can be computed by applying the rules of conditional probability:
E [R] =
∫ η2,u
η2,l
E [R|η2] 1
η2,u − η2,l dη2 (29)
σ2R =
∫ η2,u
η2,l
(
E [R|η2]2 + σ2R|η2
) 1
η2,u − η2,l dη2 − E [R]
2 , (30)
where η2,l and η2,u are the lower and upper bounds of η2 at a particular frequency according to (28). The integrals
can be evaluated numerically. The resulting mean and 2σ confidence interval are plotted in Fig. 8b together with
the measured values. By comparing Fig. 8a and Fig. 8b, one can observe that, in this application, the additional
effect of the uncertainty in the wall’s damping loss factor on the uncertainty of the transmission loss is small in the
mid-frequency range except that the wall’s resonance dips are less pronounced. This can be explained by the fact
that, for most frequencies, the measured damping loss factors are relatively close to the lower bound of the assumed
probability distribution (see Fig. 9).
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3.4. Double glazing
The final structure consists of two glass panes, 6 mm and 8 mm thick, separated by an air cavity of 12 mm
(Fig. 5c). The dimensions are 1.20 m× 1.45 m. As material properties of the glass, a density of ρ = 2500 kg/m3, a
modulus of elasticity of E = 62 GPa, and a Poisson’s ratio of ν = 0.24 are taken. For the damping loss factor of the
glass panes, measured values are used, while the air cavity is taken to be undamped.
The glazing is modeled with a Rayleigh-Ritz approach, where the analytic modes of the decoupled simply sup-
ported glass panes and the decoupled hard-walled cavity are taken as Ritz basis vectors. This deterministic wall
model is then coupled to the nonparametric stochastic models of the rooms with the hybrid method, and the sound
transmission loss is computed.
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Figure 10: Sound transmission loss of double glazing 6− 12− 8 mm. (a) Predicted mean, computed with the hybrid method (red), vs. laboratory
measurements (blue) and deterministic predictions with the TMM (black) and WBM (green) methods (color online). (b) 2σ confidence interval
of the hybrid model predictions (red) vs. laboratory measurements (blue) (color online). The considered frequency range is bounded with vertical
lines.
The mean of the computed sound transmission loss is plotted in Fig. 10 together with the 2σ confidence interval.
Individual resonance dips of the glazing are very clearly visible in the hybrid model predictions because of the high
stiffness of the glass panes and the low damping (the air cavity was taken to be undamped). A dip in the transmission
loss is also visible around 186.5 Hz which corresponds with the mass-spring-mass resonance frequency of the glass
panes on the thin air layer when the plane dimensions of the glazing would be extended towards infinity. Measured
values, averaged over 1/48-octave bands, are also shown. An excellent correspondence between the measured and
predicted values is observed in the mid-frequency range. The uncertainty caused by random wave scattering is large:
the width of the 95 % confidence interval decreases slowly from 21 dB at 139 Hz to 10 dB at 1022 Hz.
In Fig. 10, the measurements and hybrid model predictions are also compared with the predicted values obtained
with two deterministic methods in a previous study [50]: the transfer matrix method (TMM) and the wave-based
method (WBM). The transfer matrix method [51] models the double glazing as consisting of infinite layers of glass
and air and the adjacent rooms as infinite half spaces with diffuse sound field. This method largely underestimates the
transmission loss between the mass-spring-mass resonance frequency of the glazing and the coincidence frequency.
As discussed in [50], this cannot be resolved by applying correction terms for the diffraction effects by spatially
windowing the results [52] or a Gaussian distribution of incident energy [53]. This illustrates that, for double walls, it
is important to take the modal behavior of the finite partition structure into account in this broad frequency range. The
wave-based method [54, 55] is a deterministic method that takes the modal behavior of both the rooms and the glazing
into account. It shows a very good agreement with the measured data, but it requires a much larger computational effort
than the hybrid method as the rooms need to be modeled with a large number of degrees of freedom (fundamental
wave solutions), and it does not provide information on the uncertainty caused by small variations in the acoustic mass
and stiffness distributions, which have a wave scattering effect.
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4. Conclusions
A stochastic method for sound transmission loss prediction, consisting of a hybridization of displacement-based
and energy-based modeling, has been presented. It is especially suited for mid-frequency analysis, and in particular
the situation where the wall or floor is modally sparse has been investigated. Compared to deterministic methods such
as finite element analysis or the wave-based method, the method is computationally very cheap, since the rooms are
modeled in a very efficient, nonparametric stochastic way, as in statistical energy analysis.
The method automatically accounts for uncertainty in spatial variations in geometry, material properties, and
boundary conditions, which have a wave scattering effect, in the SEA subsystems. It leads to transmission loss
predictions that are robust with respect to such variations: not only mean values, but also variances are obtained. The
uncertainty caused by the random wave scatterers is important except when the modal overlap in the rooms is very
high. If necessary, additional parametric uncertainty can be accounted for in a straightforward way, as was illustrated
for a perforated brick wall with uncertain damping loss factor.
The method was extensively validated against a full modal model of a transmission suite with random acoustic
mass distribution, as well as laboratory measurements for wall systems with increasing complexity. In all cases the
hybrid method showed an excellent predictive performance within its range of validity.
Appendix A. Transition from low- to high-frequency behavior
As previously discussed, a vibro-acoustic component can be modeled in an efficient, nonparametric stochastic
way (i.e., as carrying a reverberant field) when its natural frequencies are sensitive enough to the small random wave
scattering elements that are present. The question remains as to whether the onset of this high-frequency behavior can
be estimated. The purpose of this appendix is to offer an approximative method that serves this purpose.
It is known that a given subsystem displays high-frequency behavior when its statistical overlap (not the modal
overlap), defined as S = 2σ/µwith σ the standard deviation of a natural frequency and µ the mean frequency spacing,
becomes larger than unity, i.e., for S ≥ 1 [14, 15]. The following paragraphs indicate how the statistical overlap can be
roughly estimated from a modal decomposition of the decoupled unperturbed subsystem, by generalizing the analysis
of [56] for plate structures to arbitrary structural and acoustic subsystems. Only the (acoustic) mass effect of the
random wave scatterers are accounted for, as it normally dominates the statistical overlap at higher frequencies. If
necessary the expressions can be extended so as to include uncertainty of the stiffness distribution.
Structural components. An idealized way of modeling the mass effect of the random wave scatterers is by considering
them as (acoustic) point masses. In the following analysis, a total of Nm point masses are attached to the component
at random locations. All point masses have the same magnitude δm. For an undamped structural component, the
change of the natural frequency of mode j to the set of random local mass changes is up to first-order accuracy given
by [57]
δωj = −ωj
2
Nm∑
k=1
ϕ2j (xk)δm, (A.1)
where ωj is the natural frequency of mode j in rad/s and ϕj(xk) is the mass-normalized mode shape of mode j
evaluated at the random position xk. Since the mode shapes are mass-normalized, one has that∫∫∫
ρϕ2j(x)dxdydz = 1, (A.2)
where ρ denotes the density. Taking the expected value and assuming that the variance is independent from the
position yields
E
[
ϕ2j (xk)
]
=
1
M
, (A.3)
with M the total mass of the substructure. Substitution into (A.1) results in the following expression for the expected
value of the natural frequency change:
E [δωj] = −ωjNmδm
2M
. (A.4)
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Taking the square and subsequently the expected value of both sides of (A.1) yields
E
[
(δωj)
2
]
=
ω2j (δm)
2
4
Nm∑
k=1
Nm∑
l=1
E
[
ϕ2j (xk)ϕ
2
j (xl)
]
. (A.5)
By assuming that the mode shapes are statistically independent at the various points where the masses are attached,
one has that
E
[
(δωj)
2
]
=
ω2j (δm)
2
4
(
NmE
[
ϕ4j(xk)
]
+Nm(Nm − 1)E
[
ϕ2j (xk)
]2)
. (A.6)
If the mode shapes of the component are sinusoidal1, then their second and fourth moment are related by [17, p. 101]:
E
[
ϕ4j (xk)
]
=
(
3
2
)D
E
[
ϕ2j (xk)
]2
, (A.7)
where D denotes the dimensionality of the component, i.e., D = 1 for a beam, D = 2 for a plate and D = 3
for a volume. The dimensionality of a specific component is of course frequency dependent: it may be defined as
the number of dimensions that are large compared to the wavelength at that frequency. Substitution into (A.6) and
applying (A.3) yields
E
[
(δωj)
2
]
=
ω2j (δm)
2Nm
4M2
((
3
2
)D
+Nm − 1
)
. (A.8)
Given (A.4) and (A.8), the variance of the natural frequency of mode j is obtained as
σ2 = E
[
(δωj)
2
]− E [δωj ]2 (A.9)
=
ω2j (δm)
2Nm
4M2
((
3
2
)D
− 1
)
. (A.10)
With this result, the statistical overlap becomes
S =
ωjnδm
M
√√√√Nm
((
3
2
)D
− 1
)
, (A.11)
where n denotes the modal density in rad/s. For the special case of a thin plate, all quantities in (A.11) are fairly
constant with frequency except ωj , and S approximately increases linearly with frequency, as shown in Fig. A.11a.
For thick plates, the modal density is constant at lower frequencies but it increases linearly with frequency when the
shear stiffness starts to play an important role [58]. In this case, the statistical overlap increases first linearly and then
quadratically with frequency, see Fig. A.11b.
Acoustic components. Adding a point mass to a structural component without changing its stiffness essentially in-
creases its density in a volume that is so small that the variation of the displacement within that volume is negligible.
The acoustic equivalent is creating a ‘point air pocket’ by decreasing the bulk modulus (hence the sound speed) in a
volume that is so small that the variation of the pressure within that volume is negligible. Denoting the volume and
sound speed in a point air pocket at location k by Vk and ck, respectively, the corresponding acoustic point mass is
mk = Vk/c
2
k. Following the same lines as for structural components, the statistical overlap of an acoustic component
due to local acoustic mass changes of amplitude δm at Nm random locations is
S =
ωjnV δm
c2
√√√√Nm
((
3
2
)D
− 1
)
, (A.12)
1Note that, according to diffuse field theory, the mode shapes of an SEA subsystem are Gaussian random fields when viewed across the random
ensemble. However, in the present derivation the mode shapes of the deterministic, unperturbed component are considered. They are taken to be
sinusoidal, and the location at which they are evaluated is randomly varied.
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Figure A.11: Estimated statistical overlap of (a) the bending modes of the thin bare PMMA plate, (b) the combined bending-shear modes of the
bare perforated brick wall and (c) the acoustic modes of the reverberation room, detailed in section 3.
where c denotes the nominal sound speed and V is the total volume of the acoustic cavity. Again, D denotes the
dimensionality of the component, i.e., D = 1 for a long tube, D = 2 for a thin air layer and D = 3 for a room.
Of course the dimensionality is frequency dependent: it may be defined as the number of dimensions that are large
compared to the wavelength at that frequency. In a room, the modal density increases quadratically with frequency,
so S grows cubically with frequency (Fig. A.11c).
Examples and discussion. Equations (A.11) and (A.12) each contain two parameters to be estimated by the analyst:
the number of (acoustic) masses Nm and the associated individual mass δm. In the simulation example of section
2.5, the number of acoustic masses Nm and their magnitude δm are known. The statistical overlap of the rooms can
therefore be directly computed from (A.12) with D = 3. The value S = 1 is obtained at 139 Hz. As can be seen from
Figs. 3 and 4, the response statistics predicted by a hybrid model, where the wall is deterministic and the rooms are
SEA subsystems, accurately reflect the true response statistics for S ≥ 1.
In the experimental case studies of section 3, Nm and δm are estimated as follows. First, a rough estimate is made
of which portion of the total (acoustic) mass of a vibro-acoustic component is random. A portion of 4% is nominally
assumed in the applications except for the perforated brick wall, where the presence of the perforations clearly causes
a higher mass uncertainty, roughly estimated at 20%. Then, an estimate of the number of random wave scatterers is
made. A value Nm = 20 is nominally assumed in the applications, except for the brick wall where the perforations
are clearly more homogenously distributed, and Nm = 100 is taken. The corresponding transition frequencies are:
139Hz for the rooms, 1053Hz for the PMMA panel of section 3.1, 1149Hz for the gypsum block wall of section 3.2,
801Hz for the perforated brick wall of section 3.3, and 1022Hz for the 6mm glazing of section 3.4.
The question remains as to how sensitive the estimated transition frequency is to these rough estimates of Nm
and δm. From (A.11) and (A.12), it is clear that the statistical overlap is proportional to √Nmδm. For thin plates in
bending, the statistical overlap scales linearly with frequency, so the estimated transition frequency is also proportional
to
√
Nmδm. However, for acoustic room volumes, the statistical overlap scales cubically with frequency and therefore
the estimated transition frequency is only proportional to 6
√
Nm(δm)2.
This implies that the transition frequency for plates is more sensitive to the estimated values of Nm and δm than
the transition frequency for rooms. Consider the subsystems of Fig. A.11 as an example. When the number of point
masses of the PMMA plate (Fig. A.11a) is doubled from 20 to 40 and δm is kept constant, the transition frequency
of the plate decreases from 1053Hz to 745Hz. When the number of acoustic point masses in a room (Fig. A.11c)
is doubled from 20 to 40 and δm is kept constant, the transition frequency of the room decreases only slightly, from
139Hz to 124Hz.
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